Abstract. Borcherds-Zagier bases of the spaces of weakly holomorphic modular forms of weights 1/2 and 3/2 share the Fourier coefficients which are traces of singular moduli. Recently, Duke, Imamoḡlu, and Tóth have constructed a basis of the space of weight 1/2 mock modular forms, each member in which has Zagier's generating series of traces of singular moduli as its shadow. They also showed that Fourier coefficients of their mock modular forms are sums of cycle integrals of the j-function which are real quadratic analogues of singular moduli. In this paper, we prove the Fourier coefficients of a basis of the space of weight 3/2 mock modular forms are sums of cycle integrals of a sesquiharmonic Maass form of weight zero whose image under hyperbolic Laplacian is the j-function. Furthermore, we express these sums as regularized inner products of weakly holomorphic modular forms of weight 1/2.
Introduction
Fourier coefficients of half-integral weight modular forms carry rich information of number theoretic objects. Classical results include representation numbers of quadratic forms, partition functions and class numbers of imaginary quadratic number fields and more recent results connect the Fourier coefficients of half integral weight cusp forms with central values of quadratic twists of modular L-functions (see [19, 20, 24] ). The new development of the theory of more general automorphic forms has revealed that Fourier coefficients of weakly holomorphic modular forms and harmonic weak Maass forms of half-integral weights also convey various arithmetic properties (see [6, 7, 9, 12, 13, 25] for example and see [11] for more references).
For instance, weakly holomorphic modular forms of weights 1/2 and 3/2 discussed by Borcherds [3] and Zagier [25] are related with traces of singular moduli of the classical j-invariant j(τ ) = q −1 + 744 + 196884q + 21493760q 2 + · · · , where q := e 2πiτ =: e(τ ) and τ ∈ H, the upper half of the complex plane. It follows from the theory of complex multiplication that if τ is an imaginary quadratic irrational number, then j(τ ) is an algebraic integer, called singular modulus. Let J = j − 744, the normalized Hauptmodul for Γ = P SL 2 (Z) and for k ∈ Z + of weakly holomorphic modular forms of weight k on Γ 0 (4), in which each form satisfies Kohnen's plus space condition, that is, its Fourier expansion is of the form a(n)q n where a(n) is non-zero only for integers n satisfying (−1) k−1/2 n ≡ 0, 1 (mod 4). Throughout, D, d ≡ 0, 1 (mod 4). We also let Q d denote the set of integral binary quadratic forms Q = [a, b, c] = aX 2 + bXY + cY 2 with discriminant d = b 2 − 4ac that are positive definite if d < 0. For each Q of negative discriminant d, there is a corresponding CM point τ Q , the unique root of Q(τ, 1) = 0 in H. As J(τ Q ) depends only on equivalence class of Q under the usual linear fractional action of Γ, we may define the twisted trace of singular moduli, for each fundamental discriminant D > 0 and the associated genus character χ, by
where Γ Q is the group of automorphs of Q. Zagier [25] showed the modularity of the generating series of traces of singular moduli by proving that for each D > 0
where δ D, = 1 if D is a square and 0 otherwise. He also established a duality relation 
which implies that f d can be completed to a harmonic weak Maass form by addition of the non-holomorphic Eichler integral of g d . Furthermore, they showed that for non-square dD with both d and D positive, the Fourier coefficients a(D, d) of q D in f d (τ ) are sums of cycle integrals of J-function which are real analogues of traces of singular moduli:
where the geodesic S Q is defined to be the oriented semi-circle a|τ | 2 + bReτ + c = 0, directed counterclockwise if a > 0 and clockwise if a < 0.
In [18] , the authors extended Zagier's basis {g D |D > 0} for M 
where σ(m) denotes the sum of positive divisors of m.
We now represent the Fourier coefficients of g D (τ ) in terms of traces of cycle integrals ofĴ 1 (τ ). 
Here H(n) is the Hurwitz-Kronecker class number and Tr
Zagier's result on traces of singular moduli was generalized by Bruinier and Funke [7] and Alfes and Ehlen [2] , in which the generating function for CM traces of a harmonic weak Maass form of weight 0 is shown to be a mock modular form of weight 3/2 whose shadow is a theta series of weight 1/2. In [12, 8] , as alluded to earlier, the generating function for traces of cycle integrals of a harmonic weak Maass form of weight 0 is proven to be a mock modular form of weight 1/2 with shadow a weight 3/2 weakly holomorphic modular form. The functionĴ(τ ) in Theorem 1.2 is not harmonic, but a sesqui-harmonic Maass form. Hence Theorem 1.2 shows that the generating function for traces of cycle integrals of a sesqui-harmonic Maass form of weight 0 is a mock modular form of weight 3/2 with shadow a weight 1/2 weakly holomorphic modular form. Following [4] , we may define the regularized Petersson inner product of two modular forms f and g of weight k for Γ 0 (4) with singularities only at the cusps by
where F 4 (Y ) is the standard truncated fundamental domain for Γ 0 (4) obtained by removing Y -neighborhoods of the cusps. In [13] , Duke, Imamoḡlu and Tóth showed that for a positive fundamental discriminant D,
where ε D is the smallest unit > 1 and h(D) is the class number of the quadratic field Q( √ D) in the narrow sense. They also showed that for positive discriminants d and D with non-square dD,
We establish analogous results for inner products of two different f d 's. 
reg was also discussed by Borcherds in [4, Corollary 9.6] in a vector valued form. This paper is organized as follows. In Section 2, we present definitions of harmonic weak Maass forms, sesqui-harmonic Maass forms and mock modular forms along with examples in terms of Niebur Poincaré series and prove Theorem 1.1. In Section 3, we use Niebur Poincaré series to prove Theorem 1.2. In Section 4, we compare the family of harmonic weak Maass forms of weight 2 having Faber polynomial j m 's as their shadows with a subset of the basis for the space of weight 2 harmonic weak Maass forms found in [14] . Finally, in Section 5, we prove Theorem 1.3.
Maass forms and mock modular forms
Throughout, τ = x + iy with y > 0. Let k ∈ 1 2 Z and N be a positive integer with 4|N when k is not an integer. A harmonic weak Maass form h of weight k for Γ 0 (N) is a smooth function on H which satisfies:
(iii) h has at most exponential growth at all cusps. Let H k (N) denote the space of weight k harmonic weak Maass forms for Γ 0 (N). There is an antilinear differential operator ξ k := 2iy k ∂ ∂τ which plays important roles in the theory of harmonic weak Maass forms and more general automorphic forms. Considering
In general, a weight k harmonic weak Maass form has a Fourier expansion at infinity of the form
where Γ(a, x) is the incomplete gamma function. Following Zagier [26] , we call the holomorphic part h + (τ ) := n≫−∞ c + h (n)q n a mock modular form of weight k and g(τ ) := ξ k (h) the shadow of the mock modular form f . The non-holomorphic part h − := h − h + is then the Eichler integral of the weakly holomorphic modular form g(τ ). Now, we define another family of automorphic forms that includes harmonic weak Maass forms. A sesqui-harmonic Maass form F of weight k for Γ 0 (N) is a smooth function on H which satisfies (see [5] for more information and references):
F has at most exponential growth at all cusps.
It is well-known that the space of weight 0 weakly holomorphic modular forms on Γ has a unique basis {j m |m ≥ 0} where j m is uniquely determined by having the form j m = q −m + O(q). For example, j 0 = 1 and j 1 = j − 744 = J, the hauptmodul for Γ. This basis can be extended to a basis for the space of weight 0 harmonic weak Maass forms using Poincaré series. If φ : R + → C is a smooth function satisfying φ(y) = O ε (y 1+ε ) for any ε > 0 and Γ ∞ is the subgroup of translations of Γ, then the general Poincaré series
is a smooth Γ-invariant function on H. Let 
As each G m (τ, s) when m = 0 has an analytic continuation to Re(s) > 1/2, we obtain an infinite family of weight 0 harmonic weak Maass forms G m (τ, 1) (m ∈ Z). The Fourier coefficients of G m (τ, s) can be written in terms of I, J, K-Bessel functions and generalized Kloosterman sum which is defined by
where the sum runs through the primitive residue classes modulo c and vv ≡ 1 (mod c).
is the usual Eisenstein series whose Fourier expansion is given by
(2π|n|y)e(nx), where ξ(s) = π −s/2 Γ(s/2)ζ(s) and σ a (n) is the sum of ath powers of positive divisors of n ( [12, 17] ). For m = 0, the Fourier expansion of G m (τ, s) is given in [12, 15] by
(2π|n|y)e(nx), (2.8) where
Following [12] , we define for positive integer m
and apply Weil's bound to its Fourier coefficients so that we have an analytic continuation for j m (τ, s) to Re(s) > 3/4. As s → 1, the pole in G 0 (τ, s) cancels with the zero in the quotient multiplied to G 0 (τ, s). Moreover, it follows from (2.8) and Then for a non-square dD, the twisted trace of a general Poincaré series defined in (2.3) is given by
.
If we denote the subset of Q dD consisting of quadratic forms with a > 0 by Q + dD , then it follows from the proof of [12, Lemma 7] that
Since the genus character χ satisfies χ( τ, φ) ) when both D and d are positive. From now to the end of this section, we assume both d and D are negative discriminants and D is fundamental with dD non-square. Modifying [12, Lemma 7] , we obtain that
where
cos(2πmt cos θ)φ(t sin θ) dθ sin θ for t > 0 and
If we take φ = φ m,s defined in (2.4) for nonzero integer m, we then have
where the last equality follows from [12, Lemma 9] for Re(s) > 0. Applying [12, Proposition 3] in the second equality below with K + (m, n; c)
) K 1/2 (m, n; c) and making a suitable change of variables in the last, we find that
On the other hand, in [18] , the authors constructed general Maass-Poincaré series using spherical Whittaker functions M n (y, s) and W n (y, s) which are defined by Comparing (3.5) with (3.2), we find that Now we differentiate both sides of (3.6) with respect to s at s = 1 so that we have
This implies that Tr
For simplicity, if we define is given by √ π, then we have Letting τ Y = x + iY , we have
Hence it follows from f D (τ ) = q
